Effective antiplane shear wave speed in 2D periodic piezoelectric crystals
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Abstract

Effective anti-plane quasistatic moduli for 2D piezoelectric phononic crystals of arbitrary anisotropy
are formulated analytically using the plane-wave expansion (PWE) method and the recently proposed
monodromy-matrix (MM) method. The latter approach employs Fourier series in one dimension with direct
numerical integration along the other direction. As a result, the MM method converges much quicker to the
exact moduli in comparison with the PWE as the number of Fourier coefficients increases.

1. Introduction

There is considerable interest in periodic structures with some or all of the constituents having piezoelec-
tric properties, e.g. for electromechanical coupling in phononic crystals (PCs). Design of PCs for application
requires very accurate prediction of homogenized properties based on knowledge of the constituent parame-
ters. Several techniques, exact and approximate, have been proposed for estimating the effective properties
of periodic piezoelectric composites. For instance, [1] analyzed binary piezoelectric composites with unidirec-
tional fibres using an approximation scheme, ”equivalent homogeneity”. Micromechanical models appropri-
ate to specific inclusion shapes have been used to predict effective properties, e.g. spheres and ellipsoids [2] or
circular and square cylinders [3]. Dynamical solutions for periodic piezoelectric composites were obtained in
[4] using Bloch expansion techniques, and macroscopic effective coefficients were obtained in the quasistatic
limit. Two-phase parallel fiber-reinforced periodic piezoelectric composite were considered in [5] using the
asymptotic homogenization method (AHM, see also [6]) and the eigenfunction expansion-variational method
(EEVM, see also [7]). Finite element methods have been employed to compute homogenized properties, e.g.
[8] evaluated effective coefficients for square and hexagonal arrangements of piezoelectric cylindrical fiber
composites. An alternative numerical homogenization method based on FEM and calculated wave speeds is
described in [9]. The anti-plane or SH (shear horizontal) case allows the use of complex variable techniques,
as in [10, 11] which considered, respectively, square and doubly periodic arrangements of circular cylinders
embedded in a homogeneous medium. Exact complex-variable techniques and approximations were also
used in [12] to estimate effective anti-plane properties of piezoelectric fibrous composites. Reviews of the
effective properties of piezoelectric composites and methods for their estimation can be found in [13, 14].

Despite the variety of homogenization schemes that have been considered there appears to have been
little if any application of the Plane Wave Expansion (PWE) method. The PWE technique is widely used
for calculating dispersion curves of acoustic and electromagnetic waves in PCs. PWE is based on Fourier
expansions; in the zero frequency limit the method provides a simple and versatile numerical approach for
calculating the quasi-static wave speeds, from which the effective properties can be determined, e.g. see [15]
for applications in acoustics. While the PWE method is robust and simple to implement, it can become
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numerically expensive especially when dealing with large contrast in material properties. The recently
proposed Monodromy Matrix (MM) approach [16, 17] significantly reduces this problem by avoiding Fourier
expansion in one of the coordinates, leading to much faster convergence than PWE.

The purpose of the present paper is to extend both the PWE and MM methods to provide accurate
schemes for calculating effective wave speeds in piezoelectric PCs. For clarity we consider the case of SH
waves in two-dimensional (2D) phononic crystals. The PWE is presented here in a compact form (see eq.
(17)) suitable for numerical implementation. The main thrust of the paper is concerned with the MM
approach. The motivation for advocating this method as an alternative to the more conventional PWE
technique is that the MM method is numerically more efficient and provides faster convergence. Comparison
of MM and PWE calculations provided here confirms the significantly better efficiency of the MM method.

The paper is organised as follows. The governing equations are introduced in §2. The PWE and MM
methods are explained in §3 and §4, respectively. It is shown in §5 that both approaches yield the closed form
expressions for the case of 1D periodicity. Procedures for numerical implementation of the PWE and MM
methods are described in §6 and example computations and comparisons are provided in §7. Conclusions
are given in §8.

2. Background: Equations of piezoelectricity

Consider a 2D periodic piezoelectric phononic crystal which is uniform in the out-of-plane direction
x3 = X3, where {21, 22,23} are orthogonal coordinates and {X;, X5, X3} are the crystalline axes. Within
the quasistatic approximation, the governing equations of piezoacoustics for the out-of-plane SH wave are

03 = €343V U+ ex3i Vi, Di = —4; V0 + ez Vpu;
Viog = —pw?, V;D; =0

where 0 is stress, u is SH displacement, D; is electric displacement, ¢ is the electric potential, ¢;;zi, ;5 and
€;; are the tensors of elastic, piezoelectric and dielectric permittivity coefficients, p is the density, w is the
wave frequency, V; = 0/0x;, i,j,k = 1,2 and the summation over repeated indices is adopted. Equations
(1) can be rewritten in the form

v'iav Vb’V (u s (u p 0
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where ' means transpose and a, b and c are 2 x 2 matrices of shear, piezoelectric and dielectric coefficients
with the components

(1)

T

aij = C3i53, bij = €35, Cij = —€i5, 4,5 =1,2. (3)

Alternatively, egs. (1) can be recast into the form
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For example if a given piezoelectric material is of cubic point symmetry (43m or 23), then (3) and (4)
reduce to
a=ul, b=¢c¢T, c= —cl; (5)

(0 —ept _(pn 0 (et 0
h_(€€1 0 )a d_(o 5), g_< 0 ,.yufl )

where (t = cqq = C55, € = €14 = €25, € = €11 = €92, v = pe + €2, I is the 2x2 identity matrix and T is
the 2x2 matrix with zero diagonal and unit off-diagonal entries. For the piezoelectric medium of symmetry
oom, 6mm, 4mm or 3m with the principal axis parallel to X3, it follows that

a=uyul, b=el, c=—cl; h =022, d=<Z _eé_):—g, (6)

where e = e15 = €94.



3. Spectral asymptotic homogenization method

In this section we present the classical approach of homogenization theory [18] for obtaining effective
parameters. The method is essentially just the application of regular perturbation theory to the spectral
problem (2) for low frequency w and small wave number k.

Assume a 2D periodic piezoelectric phononic crystal with a cubic lattice. Applying the quasi-periodic
Floquet condition u = e *uq, ¢ = > with k = kk, k = |k| to (1) yields

(Co + kC1 + kQCQ)f = —w2pf for f = (Zz) (7)

where
Co— viav V'b'V Cr— _ k'ak k'b'k
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Define the effective speed as
¢ = limyow(k)/k.
Substituting (8), (9) together with

f=1f)+kfi + K26+ .., W>=04k\ + Kk +..

into (7) and identifying terms with the same power of k we deduce that

. 1 0
fo = a1f1 + aofps with fo; = <0> , fo2 = <1> ; (10)
f1 = —Cy 'Cify, M = 0; (11)
Cofy = —?pfy + C1Cy 'Cify — Cofy, (12)

where a and «s are coefficients to be found. Scalar multiplication of (12) with fyq, fo2 leads to the equation

kT augk Hszﬂn aq 9 a1
<KTbeffR K/TCeﬁ‘K,> (ag) = € Pert <a2> (13)
with p.g = (p) where (-} denotes the spatial average, and
V'ak 1 (V'ar
klagk = k' (a)k + (VTbn> Syt (VTbFL> ) (14)
Vb'k\ ,(V'ak
Vb'k) 1 (V'b'k
K Canrs = i (e + ( Vick ) G < View ) (16)
According to (13) the effective speed is obtained in the form
2
2 k' aggk B (k" begk) (17)

(p) (P Tceis’

Note that there exists another classical approach usually called the asymptotic homogenization method
(AHM). This is based on the separation of spatial scales through the introduction of a small parameter,
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resulting in effective equations on the ”slow” scale, see e.g. [18]. One could make a formal equivalence
between the present approach and AMH by identifying the nondimensional fast and slow spatial scales as x
and kx; however we have chosen to present the derivations here in terms of regular perturbation methods,
which we consider straightforward and transparent. While our representation of effective parameters (14)-
(17) is more convenient and compact, the main content is the same as that based on AHM, see e.g. [6],
[7]. The presence of the inverse differential operator Cg ! implies that in order to obtain exact values of
the effective parameters we need to solve 2D differential equation with periodic boundary conditions which
is equivalent to the corresponding differential equation on the unit cell in the framework of AHM. Except
for the special cases (1D, see (26) and (27) in §5) the solution of this equation cannot be expressed in
terms of material parameters in an explicit way. Approximate methods for solving differential equations,
such as finite elements or variational method or plane-wave expansion (PWE), are applied for numerical
calculations. Thus the PWE method (see §6.1) may be seen as the numerical realization of the asymptotic
approach via 2D Fourier expansion.

Calculation of the effective constants for a given configuration of material heterogeneity can be used
to generate effective properties of corresponding systems. In this regard, rigorous connections between the
effective response of different 2D piezoelectric composite systems were established in [19]. These are related
to a variety of universal relations, including identities for phase interchange in two component systems,
see [14] for a review. A new correspondence relation involving the matrices aqfr, befr, Coff is noted in the
Appendix.

4. MM method

Now we propose a new method of finding effective parameters. In contrast to the classical asymptotic
methods where we need to solve 2D differential equation, the new method requires solving a 1D system
of differential equations only and consequently has a much smaller numerical error. The main idea of
the method is to rewrite the 2D partial differential equation (2) as a 1D differential equation (5) in one
coordinate with 1D operator-valued coefficients in another coordinate and then to apply direct integration
(multiplicative integral for the monodromy matrix) and perturbation theory. We use a 1D Fourier expansion
(see §7) for the operator-valued coefficients and thereby obtain better estimation of the effective speed than
by the 2D Fourier expansion (PWE) of the asymptotic-method equations. In principal one can replace 1D
Fourier expansion with 1D finite elements or other appropriate numerical techniques.

Let the axes X1, X5 be parallel to the in-plane translation vectors of the phononic crystal. The solution
of n’ = Qn in (4) has the following form

—

b
n(x1) = M(z1,0)n, with M(b,a) z/ (I+ Qdzy),

where [ is the multiplicative integral [20]. For brevity we will confine attention to the principal direction
k =e; = (10)". With reference to (4), denote

. 2 . hV, d-! (0 O
Q - QO w Ql Where QO - (VQgVQ VQhT ) Q1 - p 0 .

Introducing

—~

b
Mo(b,a):/ (14 Qodzy), My = My(1,0), .

1
M = [ Mo(1,2)Qs(0)Ma(e.0)do.
0
we have the following low frequency asymptotic expansion of the propagator over one period or the mon-

odromy matrix (MM):
M(1,0) = Mgy — w?M; + O(w?). (19)
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Substitute this expansion of M, the expansion of e’* =1 + ik + ... and
w = wo + kwy + k®wo + - w2 =2k +
into the Bloch-Floquet condition _
M(1,0)w = e*w.
Note that
- for  foo — 0 o0

M()WO = W(), MOWO = Wo for Wo = , WO = , (20)
where * means Hermitian conjugation, Wy, {7\70 are 4 x 2 matrices and fy1, foo are defined in (10). Equating
the terms with the same power of k then provides the equations

Wy = WQ < ) , W1 = Z(MO — I)ilWO7

Q2
1
(MO — I)W2 = in + 02M1W0 — §W0 (21)

with the coefficients oy, as to be found (see eq. (10)). Multiplying (21) by the matrix-function Wq we
obtain

i _ [0 Q
W, (M, —I)"'W, (a;> = Ppog (a;) , (22)

which defines the values of the effective quadratic forms (13) for k = e;. From (22), the effective speed in
the direction kK = e; follows as

c(e1) = W (yma’ (23)
where
<Z; ﬁj) =W, (Mo —1)~'W,,. (24)

The equality ms = m3 can be shown using M§ = TM, 'T~! and (20). Note that the inverse in eq. (24) is
to be considered in the sense of the generalized or pseudo-inverse matrix. This feature is evident in a simple
although illustrative application of eq. (23) given in the next section. The general implementation of eq.
(24) is discussed in §6.

5. 1D-periodicity case

5.1. General solution

Consider the case of 1D-periodicity, i.e. suppose that all material properties depend periodically on
and do not depend on x5. This case is known to admit explicit formulas for effective parameters. They can
be obtained from (14)-(16) with V, omitted so that

vV ak V "bk
Co =V1di11Vy, (VTbH> = Vidsk, <VTcn> = Vidyk,

a1l Q12 bi1 b2
d, = ds = .
! <b11 b12) P (Cll Cl2>
acr = (a) — (d{d~'dy) + (dd~")(d ™)~ (d " dy),

K'begk = kT ((b) — (dgd~"di) +(dyd™')(d ™) H{d 7 dy))k, (25)
Cot = (€) — (d3 d™'da) + (dgd™')(d™") " Hd T dy),

where

Then
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where now ( fo dx; and it has been taken into account that a.s, ces are self-adjoint (real symmetric)
matrices, wh11e beg is generally not and hence its quadratic form defines beg up to an arbitrary skew-
symmetric matrix. The above results for the 1D case also follow from the equality Qegr = (Q), see [21], [14,
Section 9.5]. Note that the 1D case is an exception in that the different methods provide the same (exact)
effective coefficients.

For example, applying (25) to the cases (5) and (6) yields, respectively,

<<M_(1)>_1 (ve™h) - <e£‘1>2<€‘1>‘1> ’

Aeff =

be =% (fee™Me™H ™+ {en™ ™)) <? é) (26)
0

et = ( —(yu) + <eu1>2<u1>1> ’

and

ae“:<<wg>rl <2>>’ beﬂ:cwyrl <2>)’ Ceff:<_<mol>rl (2>> 0

where I' = </ry*1> <£7’1> + <e’y’1>2 and it is assumed that beg is symmetric, as was the original b in (5)
and (6).

5.2. Effective wave speed using MM method
It is instructive to see how the MM method applies to the 1D-periodic medium. Based upon its definition
in (18) and the 1D structure, it follows that Mg(1,0) = I+ (Qo). The MM result (24) then becomes

() =we (3 47) w
— @

which yields the correct effective wave speed using (23).

6. Implementation

6.1. PWE method
Let us denote the 2D Fourier coefficients for any 1-periodic function r(x) as #(g), i.e.

rx) = 3 #(g)etmEE, i(g) = / e—2mEX (x)dx. (28)
gez? [0,1]2

We can therefore rewrite (14)—(16) in terms of the Fourier coefficients as

aan =T (EN) o5 ((E0) )
s (287 5 () &
Wean=wT(on— (0] o (i) @)

where R

o < (8- &)gig; bjilg g')gig;)
bij(g —g')gi9; ¢ij(g—g')gig;

and g, g’ belong to the set Z2\ 0. For practical use all matrices are assumed to be of finite size 2(2N +1)? x

2(2N + 1)2, where N is a number of Fourier harmonics in one coordinate.

6
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6.2. MM method
In this case we need only Fourier coefficients in z3. Denote it as a,(z1) for any zs-periodic function
a(zy,2), ie.
1
a(xy,me) = Zfzn(scl)e%m’”7 an(21) = / eI g (11 29 diry. (33)
neZ 0

We can now rewrite the operators (4) in terms of Fourier coefficients as follows

; _ ((@ij)n—m(z1) (bji)nm(xl))
d;; = - ;M Z,
e = (G ) mme i
El = 311, fl = —3;11312, g = azlafllalg — &22, (35)
o _ . . (diag(n) 0 . _(hv a!
V = 2mi ( 0 diag(n)) , Qo= (@g@ @ﬁ*) ) (36)

For practical use the matrix Qq is assumed to be of finite size 4(2N + 1) x 4(2N + 1), where N is the
number of Fourier harmonics in the xs-coordinate. To find the effective matrix (24) we need to calculate

the monodromy matrix M, = fol (I+ Qodxl). But this is not an effective approach because the components
of M, grow exponentially. It is better to use the resolvent Ry = (MO — oI)~! whose components have
moderate growth. We cannot take o = 1 as required in (24) because (Mg — I)~! does not exist (1 is
eigenvalue of My, see (20)), only the inverse image (Mg — I)"'Wj exists. Generally we need to take o
beyond the spectrum of My. Recall that My satisfies M}y = QoM and M(0) = I, which implies that the
resolvent R (z1) = (M (z1) — o)~ satisfies

(37)

R’ = -RQo(I+aR),
R(0) = (1 - ) 'L

So we can take some complex « far enough from the real axis and the unit circle and solve the differential
system (37) to find Rg = R(1). Note the identity

(Mo —I)"*"Wy = (I—- (1 —a)Rg) 'RoW,
1 WO

=(I-(1—-a)Ro)" T — (38)
with Rg = (Mg — oI)~!. Then the effective matrix (24) is
<z; gi) =7 i aé:V;(I — (1 - a)Ro) ' Wy, (39)
where the Fourier transforms of W and W are
0 0 ono O
W, — 520 g . W, = g 580 , nez. (40)
0 6,0 0 o0

Note that there is no inverse matrix of (I — (1 — a)Ry) in (39), because it has two zero rows and columns.
Nevertheless, the inverse image (I — (1 — a)Rg) W exists (although not unique) and the effective matrix
(m;) is uniquely defined.



7. Examples

We plot the dependence of effective speed on the filling fraction of square or circular cross-sectional
inclusions in a two-component 2D phononic crystal where the piezoelectric fraction is either the inclusion
or the matrix, see Figs. 1-3. The material parameters are u = 1.482 GPa, p = 1.142 g/cm?® for Epoxy;
p =60 GPa, e = 3.7 C/m?, ¢ = 0.389 nF/m, p = 4.7 g/cm? for LiNbOs3, and p = 25.6 GPa, e = 12.7 C/m?,
e =0.65 nF/m, p = 7.5 g/cm? for ceramic CTS-4. Figures 1-3 (a,b) show the results obtained by the PWE
and MM methods. It is seen that, for a given value of N, the number of Fourier harmonics used, the MM
formula (23) with (39), (40) is more accurate than the PWE formula (17) with (29)-(32). The convergence
of the MM curves is uniformly faster than that of the PWE curves, especially in the case of densely packed
stiff inclusions in a soft matrix. The latter observation coincides with the same feature established for pure
elastic phononic crystals, see [17]. it is not surprising that the MM converges faster considering that it
requires only N Fourier harmonics in the lateral directions as compared with N2 for the PWE method (and
even larger matrices of size 2(2N + 1)? x 2(2N + 1)?). However, the accuracy of the MM method for very
small values of N (even N = 0) is quite unexpected and surprising. Note that the MM-method with N =0
provides a closed-form approximation of the effective speed

2 _L e <a11>2 <b11>2 -\
00(61)—<p>dt<<<b11>2 <C11>2> >1 (41)

where (), = fol - dx;. Figures 1-3 (c,d) compare the results obtained by the MM method with and without
accounting for the piezoelectricity.

8. Conclusions

The PWE and MM methods of calculating quasistatic effective SH wave speeds in two-dimensional
piezoelectric phononic crystals have been formulated and compared. Explicit expression for the effective
quasistatic wave speed are given by eq. (17) for the PWE method and by eq. (23) for the new MM approach.
The MM method can be viewed as a one-dimensional PWE combined with a one-dimensional differential
equation which is solved numerically to yield the monodromy matrix. The examples of §7 show that
the MM method provides more accurate approximations than the PWE scheme, consistent with previous
comparisons for 2D and 3D elastic PCs [16, 17]. The numerical results also indicate that when calculating
effective speeds in phononic crystals with piezoelectric inclusion or/and matrix, it is necessary to take into
account piezoelectric properties, especially if they are strong enough (compare Figs. 1-3 (¢,d)).

Appendix: Correspondence relations between effective properties of different systems

Denote the connection between the initial and effective properties by (see eq. (4))

diy dis dsf  di}
) 42
(an a2) ~ (6 & &
Consider a composite with properties
({111 (:112> _ < dao —C121>_1 (43)
d21 d22 _d12 dll
then it can be shown that its effective properties satisfy [19, Eq. (33)]
Je Je e e -1
Elqu (illgf — (12122f 7d2flf (44)
ast agf) ~ \-aifaif)
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We also present a similar relation in terms of other matrices, specifically

T
<a9ff beff

ale+_>
b ¢

Consider the initial matrix of the form of

beff

(éw BT(X)) = (a(ax) bT(”X))_l with rotation o = (

bx)  &(x) box) c(ox)

The corresponding effective matrix we denote as

aBTH
b ¢

beff

Ceff

= LT
<E}CH beff

éeff

By analogy with the elastic case (see [18]) it can be proved that

5 LT T
é}eff beff [ Qefr beff
beff éeﬁ bei‘f Ceff

)

)

)1.

0 1
-1 0

).

(45)

(46)

(48)
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Figure 1: The SH effective speed in the matrix/inclusion = epoxy/LiNbO3 and LiNbO3s/epoxy phononic crystals versus filing
fraction f of the inclusion. (a,b) PWE and MM estimates calculated with N = 0 and N = 5 Fourier harmonics. (c,d) MM
estimate calculated with N = 10 with and without account for piezoelectric effect.
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Figure 2: The same as in Fig. 1 with CTS-4 instead of LiNbO3.
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